
 

 

 

Program : B.Tech 

Subject Name: Signals and Systems 

Subject Code:  EC-402 

Semester: 4th 

 

 

 



Unit-3 z-Transform: Introduction, ROC of finite duration sequence, ROC of infinite duration sequence, Relation 

between Discrete time Fourier Transform and z-transform, properties of the ROC, Properties of z-transform, 

Inverse z-Transform, Analysis of discrete time LTI system using z-Transform, Unilateral z-transform. 

 

Introduction: 

The z-transform of x(n) is denoted by X(z). It is defined as, 

 Xሺzሻ = ∑ x[n]�−�∞

�=−∞  

 

Region of Convergence (ROC): The set of values of z in the z-plane for which the magnitude of X(z) is finite is 

called the Region of Convergence (ROC). The ROC of X(z) consists of a circle in the z-plane centered about the 

origin. The Fig.3.1 shows the two possible representation of ROC in z-plane. 

 

Significance of ROC: 

(i) ROC gives an idea about values of z for which z-transform can be calculated 

(ii) ROC can be used to test the causality of the system. 

(iii) ROC can also be used to test the stability of the system. 

 

 

Examples: (1) Determine the z-transform of following sequence 
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Im (Z) 
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Convergence (ROC) 

Fig.3.1 : Region of Convergence Plot  in Z-Plane 

(a): ROC outside Unit Circle (b): ROC inside Unit Circle 

Downloaded from  be.rgpvnotes.in

Page no: 1 Follow us on facebook to get real-time updates from RGPV

https://be.rgpvnotes.in
https://www.facebook.com/rgpvnotes.in
https://be.rgpvnotes.in


(i) x1(n) = {1,2,3,4,5,0,7}  (ii) x2(n) = {1,2,3,4,5,0,7} 

 

Solution: (i) Given that x1(n) = {1,2,3,4,5,0,7} 

By definition,  Xଵሺzሻ = ∑ xଵ[n]z−୬∞
୬=−∞               ∴ Xଵሺzሻ = ∑xଵ[n]z−୬

୬=  

  ∴ Xଵሺzሻ = xሺͲሻ + xሺͳሻz−ଵ + xሺʹሻz−ଶ + xሺ͵ሻz−ଷ + xሺͶሻz−ସ + xሺͷሻz−ହ + xሺሻz− 

    Xଵሺzሻ  = ͳ + ʹz−ଵ + ͵z−ଶ + Ͷz−ଷ + ͷz−ସ + z−                                                          
 

X1(z) is convergent for all values of z, except z=0. Because X1(z) = ∞ for z=0. Therefore the ROC is entire 

z=plane except z=0. 

 

(ii) Given that x2(n) = {1,2,3,4,5,0,7} 

By definition,  Xଶሺzሻ = ∑ xଶ[n]z−୬∞
୬=−∞               ∴ Xଶሺzሻ = ∑ xଶ[n]z−୬ଷ

୬=−ଷ  

  ∴ Xଶሺzሻ = xሺ−͵ሻzଷ + xሺ−ʹሻzଶ + xሺ−ͳሻzଵ + xሺͲሻ + xሺͳሻz−ଵ + xሺʹሻz−ଶ + xሺ͵ሻz−ଷ 

    Xଵሺzሻ  = zଷ + ʹzଶ + ͵zଵ + Ͷ + ͷz−ଵ + z−ଷ                                                                     
 

X2(z) is convergent for all values of z, except z=0 and z=∞. Because X2(z) = ∞ for z=0. Therefore the ROC is 

entire z=plane except z=0 and z=∞. 
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Z-Transform of Unit Step, u(n) 

 

We know that u(n) = 1 for  n≥0 

                                   = 0  otherwise 

By definition Xሺzሻ = ∑ xሺnሻz−୬∞
୬=−∞  

Now x(n) = u(n) present from n=0 to ∞ ∴ Xሺzሻ = ∑uሺnሻz−୬∞
୬=  

                ∴ Xሺzሻ = ∑ͳ. z−୬∞
୬=  

   = ͳ + �−ଵ + �−ଶ + �−ଷ + �−ସ + ……….           
    

   = ͳ + �−ଵ + ሺ�−ଵሻଶ + ሺ�−ଵሻଷ + ሺ�−ଵሻସ + …… .. Xሺzሻ =  ͳͳ − �−ଵ = �� − ͳ 

The above equation converges if |z-1|<1 i.e., ROC is       

|z| >1. Therefore the ROC is the exterior to the unit 

circle in the z-plane. 

 

Find Z-transform of given sequence  

x(n) = -an u(n-1) 

Given that xሺnሻ = {−a୬   for   n  ͳͲ        for   n  Ͳ 

 

By definition Xሺzሻ = ∑ xሺnሻz−୬∞
୬=−∞  

The given sequence x(n) exists from -∞ to -1  

  ∴ Xሺzሻ = ∑ xሺnሻz−୬−ଵ
୬=−∞  

                      = ∑ −a୬z−୬−ଵ
୬=−∞  

      = − ∑ ሺa−ଵzሻ−୬−ଵ
୬=−∞  = −∑ሺa−ଵzሻ୬∞

୬=ଵ  

      = −∑ሺa−ଵzሻ୬∞
୬= + ͳ 

      = −[ͳ + ሺa−ଵ�ሻଵ + ሺa−ଵ�ሻଶ + ሺa−ଵ�ሻଷ+. . . . ] + ͳ         

    Xሺzሻ =  ͳ − ͳͳ − a−ଵz =  ͳ − a−ଵz − ͳͳ − a−ଵz = −a−ଵzͳ − a−ଵz 
 Xሺzሻ =  zz − a 

 

Relation between Discrete time Fourier Transform and z-transform 

The Z-transform of a discrete sequence x(n) is defined 

as  Xሺzሻ = ∑ xሺnሻz−୬∞
�=−∞  

The Fourier transform of a discrete sequence x(n) is 

defined as  Xሺωሻ = ∑ x[n]e−୨ω୬∞
୬=−∞  

 

The X(z) is the unique representation of the sequence x(n) in the complex z-plane. Let z = rejω ∴ Xሺzሻ = ∑ xሺnሻ(re୨ω)−୬∞

�=−∞  =  ∑ [xሺnሻr−୬]e−୨ω୬∞

�=−∞  

 

The RHS of the above equation is the Fourier transform of x(n)r-n , 

 ∴ The Z-transform of x(n) is the Fourier transform of x(n)r-n. 

If r=1, then 
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∴ Xሺzሻ = ∑ xሺnሻe−୨ω୬∞

�=−∞ = Xሺωሻ 
 

Therefore the Fourier transform of x(n) is same as the Z-transform of x(n) evaluated along the unit circle 

centered at the origin of the z-plane. 

 ∴ Xሺωሻ = Xሺzሻ|z=eౠω = ∑ xሺnሻz−୬|z=eౠω∞

୬=−∞

= ∑ xሺnሻe−୨ω୬∞

୬=−∞

 

 

For X;ωͿ to exist, the ‘OC ŵust iŶĐlude the uŶit ĐirĐle. SiŶĐe ‘OC cannot contain any poles of X(z) all the poles 

must lie inside the unit circle. Therefore, the Fourier transform can be obtained from Z-transform X(z)  for any 

sequence x(n) if the poles of X(z) are inside the unit circle. 

 

Properties of Z – Transform: 

The Z-transform has different properties which can be used to obtain the z-transform of a given sequence. Any 

complex sequence z-transform can be determined by using the properties, which makes the z-transform a 

powerful tool for discrete-time system analysis. 

(i) Linearity Property 

It states that, the Z-transform of a weighted sum of two 

sequences is equal to the weighted sum of individual Z-

transforms. 

 

If         xଵሺnሻ             ZT         ↔          Xଵሺzሻ, with ROC =  Rଵ  

and     xଶሺnሻ            ZT         ↔          Xଶሺzሻ, with ROC =  Rଶ 

then   axଵሺnሻ + bxଶሺnሻ ZT↔ aXଵሺzሻ + bXଶሺzሻ, with ROC = Rଵ  ∩ Rଶ 

 

Proof:  By definition  Z[xሺnሻ]  =  Xሺzሻ  = ∑ xሺnሻz−୬∞
୬=−∞  

Z[axଵሺnሻ + bxଶሺnሻ]  = ∑ [axଵሺnሻ + bxଶሺnሻ]z−୬               ∞
୬=−∞  

                                       = ∑ axଵሺnሻz−୬∞
୬=−∞ + ∑ bxଶሺnሻz−୬∞

୬=−∞  

                                       = a ∑ xଵሺnሻz−୬∞
୬=−∞ + b ∑ xଶሺnሻz−୬∞

୬=−∞  

                                       =  aXଵሺzሻ + bXଶሺzሻ ;   ROC =  Rଵ  ∩ Rଶ axଵሺnሻ + bxଶሺnሻ ZT↔  aXଵሺzሻ + bXଶሺzሻ 

(ii) Time Shifting Property 

It states that,  

If         xሺnሻ           ZT        ↔        Xሺzሻ, with ROC =  R           and with zero initial conditions   

then     xሺn − mሻ          ZT       ↔      z−୫  Xଶሺzሻ, 
with ROC =R except for the possible addition or 

deletion of the origin or infinity. 

 

Proof:  By definition  Z[xሺnሻ]  =  Xሺzሻ  = ∑ xሺnሻz−୬∞
୬=−∞  

Z[xሺn − mሻ]  =  ∑ xሺn − mሻz−୬∞
୬=−∞  

Put p=n-m in the summation, then n=m+p. Z[xሺn − mሻ]  =  ∑ xሺpሻz−ሺ୫+pሻ∞
p=−∞  

Z[xሺn − mሻ]  =  z−୫ ∑ xሺpሻz−p∞
p=−∞  

        Z[xሺn − mሻ] =  z−୫Xሺzሻ                                   Z[xሺn − mሻ]    ZT↔ z−୫Xሺzሻ                        Z[xሺn + mሻ]    ZT↔ z୫Xሺzሻ                  
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(iii) Multiplication by an Exponential Sequence Property 

(Scaling Property) 

It states that,  

If         xሺnሻ   ZT↔  Xሺzሻ, with ROC =  R  

then     a୬xሺnሻ   ZT↔  X ቀzaቁ , with ROC = |a|R 

where ͚a͛ is a Đoŵplex Ŷuŵďer  

 

 

Proof:  By definition  Z[xሺnሻ]  =  Xሺzሻ  = ∑ xሺnሻz−୬∞
୬=−∞  

Z[a୬xሺnሻ]  =  ∑ a୬xሺnሻz−୬∞
୬=−∞  

                   =  ∑xሺnሻ ቀzaቁ−୬∞
୬=−∞  

                     =  X ቀzaቁ                       
 a୬xሺnሻ   ZT↔   X ቀzaቁ 

 e୨ω୬xሺnሻ   ZT↔  X ቀ ze୨ωቁ= Xሺe−୨ωzሻ e−୨ω୬xሺnሻ   ZT↔  X ቀ ze−୨ωቁ= Xሺe୨ωzሻ 

(iv) Time Reversal Property 

It states that,  

If         xሺnሻ   ZT↔  Xሺzሻ, with ROC =  R  

then     xሺ−nሻ   ZT↔  X ቀଵzቁ , with ROC = ଵR 

 

Proof:  By definition  Z[xሺnሻ]  =  Xሺzሻ  = ∑ xሺnሻz−୬∞
୬=−∞  

Z[xሺ−nሻ]  =  ∑ xሺ−nሻz୬∞
୬=−∞  

 Z[xሺ−nሻ]  =  ∑ xሺ−nሻሺz−ଵሻ−୬∞
୬=−∞  ∴ Z[xሺ−nሻ]  =  Xሺz−ଵሻ  

 

 

Sl. No. 
Time Domain 

Sequence x(n) 
Z-Transform X(z) ROC 

1. δ;ŶͿ 1 Entire Z-plane 

2. u(n) 
ͳͳ − z−ଵ |z|>1 

3. anu(n) 
ͳͳ − az−ଵ |z|>|a| 

4. -anu(-n-1) 
ͳͳ − az−ଵ |z|<|a| 

5. n.anu(n) 
az−ଵሺͳ − az−ଵሻଶ |z|>|a| 

6. -n.anu(-n-1) 
az−ଵሺͳ − az−ଵሻଶ |z|<|a| 
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Inverse z-Transform: Inverse z-transform of X(z) can be obtained by three different methods, 

(i) Power Series Expansion (Long Division Method) 

(ii) Partial Fraction Expansion 

(iii) Contour Integration (Residue Method) 

(i) Power Series Expansion (Long Division Method): 

Example: Determine the inverse z-transform of the following (i) X(z) = (1/(1-az-1) , ROC |z|>|a| 

 (ii) X(z) = (1/(1-az-1) , ROC |z|<|a| 

 
 

Thus we have Xሺzሻ =  ͳͳ − az−ଵ = ͳ +  az−ଵ + aଶz−ଶ + aଷz−ଷ +−−− 

Taking Inverse z-transform ,  x(n) = {1,a,a2,a3,--------} 

    x(n) = an u(n) 

 

Thus we have Xሺzሻ =  ͳͳ − az−ଵ = − a−ଵz − a−ଶzଶ − a−ଷzଷ +−−− 

Taking Inverse z-transform ,  x(n) = {---------------, -a-3,-a-2,-a-1,} 

    x(n) = -an u(-n-1) 

-az-1 + 1 1 
1 – a-1z 

-  + 

 a-1z 

a-1z  -  a-2z2 

-      + 

 a-2z2 

a-2z2  -  a-3z3 

-        + 

 a-3z3 

a-3z3  -  a-4z4 

-        + 

 a-4z-4 ----- 

- a-1z - a-2z2 - a-3z3 -   ------ 
Solution: (ii) 

1-az-1 1 
1 - az-1 

-  + 

 az-1 

az-1  -  a2z-2 

-      + 

 a2z-2 

a2z-2  -  a3z-3 

-        + 

 a3z-3 

a3z-3  -  a4z-4 

-        + 

 a4z-4 ----- 

 1+az-1+a2z-2+a3z-3+ ------ 
Solution: (i) 
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(ii) Partial Fraction Method: 

Step - 1 : First convert given X(z) into positive powers of z and then write 
Xሺzሻz  

Step - 2 : Using partial fraction method, write the equation in terms of summation of poles. Find the constants   

in the numerator. 

Step - 3 : Rewrite the equation in the form of X(z). 

Step - 4 : Based on the condition of ROC, write the inverse z-transform x(n) of X(z). 

 

(iii) Contour Integration (Residue Method: 

Step-1: Define the function X0(z) which is rational and its denominator is expanded into product of poles. 

  X0(z) = X(z) zn-1 

Step-2: (i) For Simple poles, the residue of X0(z) at pole pi is given as, Resz=p = limz=p୧ሺz − p୧ሻ Xሺzሻ 
 (ii) For multiple poles of order m0, the residue of X0(z) can be calculated as, Resz=p = ͳሺm − ͳሻ! { d୫−ଵdz୫−ଵ ሺz − p୧ሻXሺzሻ}z=p  
Step-3: (i) Using residue theorem, calculate x(n), for poles inside the unit circle 

   xሺnሻ =  ∑Resz=p
N
୧=ଵ  Xሺzሻ    with n  Ͳ 

(ii) Using residue theorem, calculate x(n), for poles outside the unit circle 

   xሺnሻ = − ∑Resz=p
N
୧=ଵ  Xሺzሻ    with n <  Ͳ 

 

 

Solution of Difference Equations using Z-transform: 

The difference equations can be easily solved using z-transform.  

Examples : 

(1) Given that y(-1) =5 and y(-2)=0, solve the difference equation y(n) - 3y(n-1) – 4y(n-2Ϳ = 0 , Ŷ ≥ 0. 
Solution :  Consider the given difference equation 

 y(n) - 3y(n-1) – 4y(n-2) = 0 

Taking unilateral z-transform of the given difference equation 

 Y(z) – 3 [z-1Y(z) + y(-1)] - 4 [z-2Y(z) + z-1y(-1) + y(-2)] = 0 

Put the initial conditions in above equation, we get 

 Y(z) – 3 [z-1Y(z) + 5] - 4 [z-2Y(z) + 5z-1 + 0] = 0 

 Y(z)[1 – 3z-1 - 4 z-2] - 20z-1 -15 = 0                 Yሺzሻ = ͳͷ + ʹͲz−ଵͳ − ͵z−ଵ −  Ͷz−ଶ = zሺͳͷz + ʹͲሻzଶ −  ͵z − Ͷ  
 Yሺzሻz = ሺͳͷz + ʹͲሻzଶ −  ͵z − Ͷ = ሺͳͷz + ʹͲሻሺz + ͳሻሺz − Ͷሻ  
Using partial faction method, the above equation can be written as, ሺͳͷz + ʹͲሻሺz + ͳሻሺz − Ͷሻ =  Aሺz + ͳሻ + Bሺz − Ͷሻ 
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 ሺͳͷz + ʹͲሻ =  A ሺz − Ͷሻ +  B ሺz + ͳሻ 
 ∴  A|z=−ଵ = ͳͷz + ʹͲሺz − Ͷሻ =  −ͳ              and             B|z=ସ = ͳͷz + ʹͲሺz + ͳሻ =  ͳ 

 ∴  Yሺzሻz =  −ͳሺz + ͳሻ + ͳሺz − Ͷሻ ∴  Yሺzሻ =  −zሺz + ͳሻ + ͳzሺz − Ͷሻ =  −ͳሺͳ + z−ଵሻ + −ͳሺͳ − Ͷz−ଵሻ  
Taking Inverse Z-transform of the above equation, we get 

 

y(n) = - (-1)n u(n) +16 (4)n u(n) = [- (-1)n +16 (4)n ] u(n) 

 

(2) Solve the difference equation using z-transform method x(n-2) – 9x(n-1) + 18x(n) =0. Initial conditions are 

x(-1)=1 , x(-2) =9. 

Solution :  Consider the given difference equation 

 x(n-2) – 9x(n-1) + 18x(n) =0 

Taking unilateral z-transform of the given difference equation 

 [z-2X(z) + z-1x(-1) + x(-2)] -9[z-1X(z) + x(-1)] +18 X(z) = 0 

Put the initial conditions in above equation, we get 

 [z-2X(z) + z-1 +9] -9[z-1X(z) +1] +18 X(z) = 0 

 [z-2-9z-1+18 ] X(z) +  z-1 = 0 Xሺzሻ =  −z−ଵz−ଶ − ͻz−ଵ + ͳͺ = −zͳ − ͻz + ͳͺzଶ  
 Xሺzሻz =  −ͳͳͺzଶ − ͻz + ͳ = −ͳሺz − ͳሻሺ͵z − ͳሻ 
Using partial faction method, the above equation can be written as, −ͳሺz − ͳሻሺ͵z − ͳሻ =  Aሺz − ͳሻ + Bሺ͵z − ͳሻ 

 −ͳ =  Aሺ͵z − ͳሻ +  Bሺz − ͳሻ ∴  A|z=ଵ = −ͳሺ͵z − ͳሻ =  ͳʹ              and             B|z=ଵଷ = −ͳሺz − ͳሻ =  −ͳ 

 ∴  Xሺzሻz =   ͳʹሺz − ͳሻ − ͳሺ͵z − ͳሻ 
 Now Xሺzሻ =   ͳʹ zሺz − ͳሻ − zሺ͵z − ͳሻ = ͳ͵ቀͳ − ͳ z−ଵቁ − 

ͳ͵ሺͳ − ͳ͵ z−ଵሻ   
Taking Inverse Z-transform of the above equation, we get 

 xሺnሻ =  ͳ͵ (ͳ)୬ uሺnሻ − ͳ͵ (ͳ͵)୬ uሺnሻ  =  [ͳ͵ (ͳ)୬ − ͳ͵ (ͳ͵)୬]  uሺnሻ 
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We hope you find these notes useful. 

You can get previous year question papers at 
https://qp.rgpvnotes.in . 
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