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between Discrete time Fourier Transform and z-transform, properties of the ROC, Properties of z-transform,
Inverse z-Transform, Analysis of discrete time LTI system using z-Transform, Unilateral z-transform.
Introduction:

The z-transform of x(n) is denoted by X(z). It is defined as,

oo

X(z) = Z x[n]z™™

n=—oco

Region of Convergence (ROC): The set of values of z in the z-plane for which the magnitude of X(z) is finite is
called the Region of Convergence (ROC). The ROC of X(z) consists of a circle in the z-plane centered about the
origin. The Fig.3.1 shows the two possible representation of ROC in z-plane.
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Fig.3.1 : Region of Convergence Plot in Z-Plane

Significance of ROC:

(i) ROC gives an idea about values of z for which z-transform can be calculated
(ii) ROC can be used to test the causality of the system.

(iii) ROC can also be used to test the stability of the system.

Examples: (1) Determine the z-transform of following sequence
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(i) x1(n) ={1,2,3,4,5,0,7} (ii) x2(n) = {1,2,3,4,5,0,7}

Solution: (i) Given that xi1(n) = {1,2,3,4,5,0,7}
By definition,

(0]

6
X,@ = ) xlnlz™ 2@ = ) %l

n=-—oo

2 X)) =x(0) + x(Dz7  +x(2)272 + x(3)z73 + x(4)z™* + x(5)z7> + x(6)z~°

X,(z) =1+2z27'+3272+4z273+527*+7z7°

Xi(z) is convergent for all values of z, except z=0. Because Xi(z) = oo for z=0. Therefore the ROC is entire
z=plane except z=0.

(i) Given that x2(n) = {1,2,3,4,5,0,7}
By definition,

oo 3

X, = ) 0]z SXo@ = ) xlnla

n=-—o n=-3

s Xy(2) = x(=3)z3 + x(—2)z% + x(—1)z! + x(0) + x(Dz" 1 + x(2)z72 + x(3)z~3

X,(z) =23+ 222 +3z2 ' +4+ 5271+ 7273

X2(z) is convergent for all values of z, except z=0 and z=c0. Because Xy(z) = o for z=0. Therefore the ROC is

entire z=plane except z=0 and z=0co0.
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Z-Transform of Unit Step, u(n) Find Z-transform of given sequence
x(n) =-a" u(n-1)

We know that u(n) =1 for n>0 . _(—a"™ for n<1
Given that x(n) =

=0 otherwise () {0 for n>0
By definition
© By definition
X(2) = z x(n)z™™ i
e X(z) = Z x(n)z "
Now x(n) = u(n) present from n=0 to «© n=—oo
© The given sequence x(n) exists from -« to -1

- X(z) = Z u(n)z™"

n=0

-1

} ~X(z) = 2 x(n)z™"
=~ X(z) = Z 1.z7" _1n=—°°
n=0

=1+ z 4+ z2+ 23+ 2%+ .. ... = Z —afz™™n
n=-—oo
=14z 4+ D2+ D3+ (D ... L 0
1 z = - z (alz)™ = —z:(a‘lz)‘f1
X(@) = 1-2z1 z-1 n=-oo n=1
The above equation converges if |z1|<1 i.e., ROC is - “1an
|z| >1. Therefore the ROC is the exterior to the unit - Z(a )" +1

n=0

circle in the z-plane. =—[1+ @2+ (@ 2%+ (@ '2)3+....] +1

1 11— alz—1 —a1z

—alz 1—alz 1—alz

X(z) = 1—1

X(z) =

Z—a

Relation between Discrete time Fourier Transform and z-transform

The Z-transform of a discrete sequence x(n) is defined The Fourier transform of a discrete sequence x(n) is
as defined as

(o] [ee]

X(z) = z x(n)z™" X(w) = Z x[n]ejon

n=-—oo n=-—oco

The X(z) is the unique representation of the sequence x(n) in the complex z-plane. Let z = rel®

X(Z) = Z X(n)(rej‘”)_n — Z [X(n)r—n]e—jwn

Nn=—oco n=—oco

The RHS of the above equation is the Fourier transform of x(n)r™,
~ The Z-transform of x(n) is the Fourier transform of x(n)r™.
If r=1, then
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oo

2 X(2) = z x(n)e o = X(w)

n=—eo

Therefore the Fourier transform of x(n) is same as the Z-transform of x(n) evaluated along the unit circle
centered at the origin of the z-plane.

oo oo

= X(w) = X(@)],_pio = Z x(M)z ™| ,_gjo = Z x(n)e jen

n=-—o° n=—oo

For X(w) to exist, the ROC must include the unit circle. Since ROC cannot contain any poles of X(z) all the poles
must lie inside the unit circle. Therefore, the Fourier transform can be obtained from Z-transform X(z) for any
sequence x(n) if the poles of X(z) are inside the unit circle.

Properties of Z — Transform:

The Z-transform has different properties which can be used to obtain the z-transform of a given sequence. Any
complex sequence z-transform can be determined by using the properties, which makes the z-transform a
powerful tool for discrete-time system analysis.

(i) Linearity Property (ii) Time Shifting Property
It states that, the Z-transform of a weighted sum of two It states that,
sequences is equal to the weighted sum of individual Z- y x(n) ZT X(z), with ROC = R
transforms. and with zero initial conditions
yA

ZT _ ) y 7~
If x;(n) «—— X,(z), withROC = R, then  x(n—m) 27" X, (2),
and  x,(n) L X,(z), with ROC = R, with ROC =R except for the possible addition or
then deletion of the origin or infinity.

ZT
ax;(n) + bx,(n) & aX;(z) + bX,(z), withROC = R; NR, Proof: By definition

[ee]

Proof: By definition _ Z[x(n)] = X(z) = Z x(n)z ™
Z[x()] = X(z) = z x(n)z™ e

. e Z[x(n—m)] = Z x(n —m)z™"

Z[ax1(n) + bx,(n)] = Z [ax; (n) + bx, (n)]z™" Put p=n-m in the summgii_oo;)\, then n=m+p.

© Zx(n—m)] = ) x(p)z ™

= Z ax;(n)z ™" + i bx,(n)z™" P

T T Zix(n—m)] = 2™ > x(p)z
=a Z x;(n)z ™ +b Z X,(n)z™" p==e
n=—oo n=—oo Z[x(n —m)] = z7™X(z)

= aXl(Z) + bXZ(Z), ROC = Rl N RZ

ZT
Z[lx(n—m)] < z7™X(z)

ax, (n) + bx,(n) © aX, (z) + bX,(2) Zxnam] % 2
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(iii) Multiplication by an Exponential Sequence Property
(Scaling Property)
It states that,

ZT
If x(n) o X(z), withROC = R

ZT
then a"x(n) o XG), with ROC = |a|R
where ‘@’ is a complex number

Proof: By definition

Zx@)] = X@) = ) x(mz"

Z[a"x(n)] = z a"x(n)z"™

n=—oo

ZT

a"x(n) & X(Z)

a

jon ZT 2\ oo
el’x(n) < X T = X(e7?®z)
—jon T z — jw

e )®"x(n) & X i = X(e/*z)

(iv) Time Reversal Property
It states that,

ZT
If x(n) o X(z), withROC = R
th (—n) & x(l) ith ROC = +
en x(—n ~), wi ==

Proof: By definition
Zxm)] = X@) = ) x(mz "

0]

Z[x(~n)] = Z x(—n)z"

n=-—oo

0]

Zx(-m] = ) x(-mE )™

~Z[x(-n)] = X@ ™)

Page no: 5

Sl. No. Time Domain Z-Transform X(z) ROC
Sequence x(n)
1. 6(n) 1 Entire Z-plane
1
2. u(n) z|>1
p—— |z|
3 a"u(n) ! |z|>]a]
' 1—az 1
4 a"u(-n-1) ! |z]<|a]
' 1—az 1
-1
az
5. n.a"u(n) —_— |z|>]a]
(1 —az™1)2
-1
az
6. -n.a"u(-n-1 S z|<|a
(-n-1) (R |z]<]al
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Inverse z-Transform: Inverse z-transform of X(z) can be obtained by three different methods,
(i) Power Series Expansion (Long Division Method)
(ii) Partial Fraction Expansion
(iii) Contour Integration (Residue Method)
(i) Power Series Expansion (Long Division Method):
Example: Determine the inverse z-transform of the following (i) X(z) = (1/(1-az!), ROC |z|>|a]
(i) X(z) = (1/(1-az’!), ROC |z|<]|a]

. ; 1+az+a’z%+a%z 3+ -
Solution: (i) az +a'z"+a
1-az’1> 1
1-az?
-+
az?!
az! - a’z?
- +
a’z?
a%z? - a%3
- +
a3z—3
a3z3 - a%z4
- +
atz? -
Thus we have
1
X(z) = T 1+ az’l+a%z2+a%z2 3+ - ——
—az
Taking Inverse z-transform, x(n) = {1,a,a%a3,-------- }

x(n) =a" u(n)

Solution: (ii)

-+
alz
alz - a2
-+
a?z?
a?z? - a3
- +
a3z
a3z - ats
- +
atz? -
Thus we have
X(z) = Pp— alz—a?z2—-a3%z3+———
—az
Taking Inverse z-transform, x(n) = {------------—-- ,-a3,-a%-al}

x(n) =-a" u(-n-1)
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(i) Partial Fraction Method:
Step - 1 : First convert given X(z) into positive powers of z and then write @

Step - 2 : Using partial fraction method, write the equation in terms of summation of poles. Find the constants
in the numerator.

Step - 3 : Rewrite the equation in the form of X(z).

Step - 4 : Based on the condition of ROC, write the inverse z-transform x(n) of X(z).

(i) Contour Integration (Residue Method:

Step-1: Define the function Xo(z) which is rational and its denominator is expanded into product of poles.
Xo(z) = X(z) z"*

Step-2: (i) For Simple poles, the residue of Xo(z) at pole pi is given as,
Res = lim(z — p;) Xo(2)

Z=Dpj z=pi
(ii) For multiple poles of order mg, the residue of Xo(z) can be calculated as,
Res =

Res = — { e - poxo(z)}zzp_

Step-3: (i) Using residue theorem, calculate x(n), for poles inside the unit circle

N
x(n) = Z Res X,(z) withn >0
z=p;
i=1

(ii) Using residue theorem, calculate x(n), for poles outside the unit circle

N
x(n) = — Z Res X,(z) withn < 0
z=p;
i=1

Solution of Difference Equations using Z-transform:
The difference equations can be easily solved using z-transform.
Examples :
(1) Given that y(-1) =5 and y(-2)=0, solve the difference equation y(n) - 3y(n-1) —4y(n-2) =0, n2>0.
Solution : Consider the given difference equation
y(n) - 3y(n-1) —4y(n-2) =0
Taking unilateral z-transform of the given difference equation
Y(z) =3 [z7Y(z) + y(-1)] - 4 [2°Y(2) + 7y(-1) + y(-2)] = O
Put the initial conditions in above equation, we get
Y(z) =3 [z%Y(z) +5] -4 [z%Y(z) + 521 +0] =0
Y(z)[1-3z1-42%-20z1-15=0
15+ 20z71 z(15z + 20)
Y(z) = =
1—-3z71— 4z72 72— 3z—4

Y(z) (152+20)  (15z+ 20)
z z22—3z—4 (z+1)(z—4)
Using partial faction method, the above equation can be written as,
(15z+20) A B

GrDE-D erD @=d
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(1524+20)=A(z—-4)+ B(z+1)

. A _152+20_ 1 d B _1SZ+20_
o |Z=—1 - (Z _ 4) - an |Z=4 - (Z + 1) -
. Y(z) _ -1 4 16
Tz (z4+1D) (z—-4)

-7 16z -1 —16
S Y(Z) =

+ = +
(z+1) (-4 @@+4+zYH) @A-4z71YH
Taking Inverse Z-transform of the above equation, we get

y(n) = - (-1)" u(n) +16 (4)" u(n) = [- (-1)" +16 (4)" ] u(n)

(2) Solve the difference equation using z-transform method x(n-2) — 9x(n-1) + 18x(n) =0. Initial conditions are
x(-1)=1, x(-2) =9.
Solution : Consider the given difference equation

X(n-2) — 9x(n-1) + 18x(n) =0
Taking unilateral z-transform of the given difference equation

[22X(z) + z2x(-1) + x(-2)] -9[z"*X(z) + x(-1)] +18 X(z) =0
Put the initial conditions in above equation, we get

[22X(z) + z1 +9] -9[z'1X(z) +1] +18 X(z) =0

[22-9271+18 ] X(z) + z'=0

—z71 A

X(z) =

Z22_97-1418 1— 9z + 1822

X(z) -1 B -1
z  1822-9z24+1 (6z—1)(3z—1)
Using partial faction method, the above equation can be written as,
-1 A B

G6z—D@z—1)  (6z—-1 @ Gz=1

—1= ABz—-1)+ B(6z—1)
T B ; o ~1
“ALIT GID T 2 an =

‘X(z)_ % 1
Tz T (6z—-1) (3z-1)

1 1 :
¢z 3 3
NowX(2) = o=y (Bz—1) (1 _ %z‘l) (1- %z‘l)

Taking Inverse Z-transform of the above equation, we get

= 3(g) vo-3(5) v = [3() -36) ] vo

Page no: 8 Fol | ow us on facebook to get real-tine updates from RGPV


https://be.rgpvnotes.in
https://www.facebook.com/rgpvnotes.in
https://be.rgpvnotes.in

e

® @
e VINOTES.IN

We hope you find these notes useful.

Y ou can get previous year question papers at
https.//gp.rgpvnotes.in .

If you have any queries or you want to submit your
study notes please write us at

rgpvnotes.in@gmail.com

LIKE & FOLLOW US ON FACEBOOK
facebook.com/rgpvnotes.in



https://qp.rgpvnotes.in/
mailto:rgpvnotes.in@gmail.com

